We propose how to achieve nonreciprocal optomechanical entanglement in a spinning resonator and maintain its quality against backscattering losses. We find that by splitting the counter-propagating optical modes in the resonator via the Sagnac effect, photon-phonon entanglement can be created from one side while prohibited from the other-that is, achieving quantum nonreciprocity in such a system. An important and counterintuitive feature of the nonreciprocal entanglement is its robustness against backscattering losses induced by impurities or material imperfections in practical devices. Building a new bridge between quantum control and nonreciprocal physics, our work reveals a new strategy to protect quantum entanglement which has applications in such a wide range of fields as backaction-immune quantum metrology and chiral quantum information networks.
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Nonreciprocal devices, featuring asymmetric flow of counterpropagating lights, are indispensable in optical information processing and communications [1] . Giant nonreciprocity and optical isolations have been achieved in various systems, such as atomic gases [2] , solid-state nonlinear devices [3] [4] [5] [6] [7] , and moving media [8] [9] [10] or synthetic structures [11] [12] [13] . Besides steering classical transmission rates, nonreciprocal quantum control of single photons has also been demonstrated, ranging from single-photon diodes [14] [15] [16] or circulators [17] to unidirectional photon blockade [18] [19] [20] . However, as far as we know, there are still lacking studies of properties of nonreciprocal entanglement and its unique applications in e.g., chiral quantum control [21] [22] [23] [24] or entanglement-assisted quantum metrology [25] [26] [27] .
In this work, we study the creation and exotic properties of nonreciprocal photon-phonon entanglement in a spinning resonator. We note that, based on radiation-pressure-induced coupling of light and mechanical motion [28] [29] [30] , cavity optomechanical (COM) systems have provided versatile tools to realize ground-state motion cooling [31] , quantum state transfer [32] [33] [34] , mechanical squeezing [35] , COM entanglement [36] [37] [38] [39] [40] [41] , and gravitational-wave sensing [42] . In a very recent advance, quantum correlations are demonstrated even between light and 40 kg mirrors at room temperature, enabling ultra-weak force sensing beyond the standard quantum limit [43] . Here, by combing quantum control and nonreciprocal engineering, we show that one-way COM entanglement can be created in a spinning resonator, which, surprisingly, provides a feasible way to protect the quality of entanglement against backscattering losses. Specifically, we find that in such a nonreciprocal device, for the same material imperfections, COM entanglement in a chosen direction can be significantly enhanced, in comparison with that in conventional COM systems. Our findings, indicating a new way to protect fragile quantum resources by utilizing the power of nonreciprocal devices, are useful for applications in e.g., chiral quan-tum information processing [21] [22] [23] [24] and backaction-immune quantum sensing [25] [26] [27] .
As shown in Figs. 1(a) and 1(b), we consider a spinning resonator which is evanescently coupled with a tapered fiber. In a recent experiment [10] , nonreciprocal propagation of light with 99.6 % isolation was demonstrated by using such a spinning device. Due to the rotation, the optical paths of counterpropagating lights in the resonator become different, which results in an irreversible effective refractive index for the clockwise (CW) and counter-clockwise (CCW) optical modes [10] , i.e., n , = n 0 [1 ± n 0 rΩ(n −2 0 − 1)/c], where n 0 is the refractive index of the material, Ω is the angular velocity of the resonator with radius r, and c is the speed of light in the vacuum. Correspondingly, the resonance frequencies of the counter-propagating modes experience an opposite Sagnac-Fizeau shift [44] , i.e., ω c → ω c + ∆ F with
where ω c is the optical frequency of the stationary resonator, and the dispersion term dn/dλ, characterizing the relativistic origin of the Sagnac effect, is relatively small in typical materials (up to ∼ 1%) [10] . Figure 1 (c) shows the frequency spectrum of such a spinning COM system. For the resonator spinning along the CW direction, we have ∆ F > 0 or ∆ F < 0 for the case with the driven laser on the left or right side, and the effective optical frequency is ω j = ω c ± |∆ F | (j = , ), respectively. In addition, the resonator can support a mechanical breathing mode with frequency ω m . The Hamiltonian of this COM system, in a frame rotating with a driven frequency ω l , with the driven laser on the right side, is ( = 1): whereâ j (â † j ) is the optical annihilation (creation) operator, ∆ j = ω j − ω l , andq (p) is the dimensionless mechanical displacement (momentum) operator. The field amplitude of the driving laser is |ε| = 2κP/ ω l , where P and κ are the input laser power and the optical decay rate, respectively. The optical coupling strength J denotes the backscattering process which is inevitable for practical materials with inherent imperfections, and G 0 = (ω c /r)(mω m ) −1/2 is the singlephoton COM coupling rate, with m denoting the mass of the resonator.
The quantum Langevin equations of this COM system then read:
where γ m is the mechanical damping rate, andâ in j (ξ) is the zero-mean input noise operator for the optical (mechanical) mode, characterized by the following correlation functions [45] :
where
is the Boltzmann constant, and T is the bath temperature. The zero-mean features of quantum noise preserve the Gaussian nature of any initial state of the system [36] . By writing each operator as a sum of its steady-state mean value and a small fluctuation around it, i.e., a j = α j + δâ j ,q = q s + δq,p = p s + δp,
and defining the vectors of quadrature fluctuations and input noises as u T (t) = (δX , δŶ , δX , δŶ , δq, δp), n T (t) =
, with the components:
we can obtain a compact form of the linearized equations of fluctuationsu
and∆ j = ∆ j − G 0 q s is the effective optical detuning, G x j (G y j ) is the real (imaginary) part of the effective COM coupling
and the steady-state solutions of the dynamical variables are given by: The system is stable when all the real parts of the eigenvalues of A are negative, as characterized by the Routh-Hurwitz criterion [46, 47] . Under this stability condition, we have M(∞) = 0 at the steady state and
This COM system finally evolves into a Gaussian state, which is fully characterized by a 6 × 6 correlation matrix V , with the component
Using Eqs. (4) and (11) the steady-state correlation matrix V is obtained as
where D = Diag[κ, κ, κ, κ, 0, γ m (2n m +1)] is a diagonal matrix characterizing the stationary noise correlations. When the stability condition is satisfied, Eq. (13) is determined by the Lyapunov equation [36] AV
By solving this linear Eq. (14), we can calculate quantum correlations of the fluctuations and also the logarithmic negativity, E N , as a bipartite entanglement measure of continuous variables, i.e., [48] 
with
and
Here ν − is the lowest symplectic eigenvalue of the partial transpose of a bipartite 4 × 4 correlation matrix, V bp , which is obtained by selecting the rows and columns of the interesting modes in V and has a 2 × 2 block form
We see from Eq. (15) that COM entanglement can be achieved only for ν − < 1/2. In our numerical calculations, for ensuring the system staying in the stable regime, we use the following experimentally feasible parameters [10, 49] : n 0 = 1.48, m = 10 ng, r = 1.1 mm, λ = 1.55 µm, Q = ω c /κ = 3.2 × 10 7 , ω m = 63 MHz, γ m = 5.2 kHz, T = 130 mK, and Ω = 8 kHz or 23 kHz [10] . We first consider the ideal case without optical backscattering, i.e., J = 0, and we plot the logarithmic negativity E N and the intracavity photon number N j in Fig. 2 as a function of the optical detuning ∆ c = ω c − ω l . For a stationary resonator, E N remains the same independently of driving it from the left or right side; in contrast, for a spinning resonator, E N can be significantly different by reversing the driving direction. For example, as shown in Figs. 2(a) and 2(b), when the maximal COM entanglement is generated by driving the setup from one side, i.e., E N ∼ 0.15, no entanglement occurs by driving it from the other side, i.e., E N ∼ 0. This is a clear signature of quantum nonreciprocity, which is fundamentally different from that in classical devices showing only nonreciprocal transmission rates. In fact, as shown in Figs. 2(c) and 2(d), for ∆ c /ω m ∼ 0.27, nonreciprocal COM entanglement is significant even when there is no classical nonreciprocity (i.e., N = N ); in contrast, for ∆ c /ω m ∼ 1, significant classical nonreciprocity can appear for E N , E N , . This difference between classical nonreciprocity and quantum nonreciprocity can be easily understood by the fact that the COM entanglement is created by the anti-Stokes scattering process between the mechanical mode and the driving field. Therefore, in a broader view, our work provides a new opportunity to explore the fundamental differences and practical applications of quantum nonreciprocity and classical nonreciprocity with a single device.
Surprisingly, we also find that nonreciprocal quantum control provides a feasible way to overcome various harmful effects of nonideal factors such as surface roughness or material inhomogeneity in a practical device. Indeed, as Fig. 3 shows, in a conventional COM system, for J = 0, E N always decreases. In comparison, nonreciprocal entanglement can be more robust against the backscattering process. For example, for J/κ = 2, the maximal value of E N in a spinning resonator can be enhanced by a factor of 2.5, approaching to that in an ideal resonator [see Fig. 3(b) ]. To better understand this counterintuitive effect, we further plot in Figs. 3(c) and 3(d) the effective COM coupling |G | with respect to the optical detuning. We see that in a conventional system, larger values of J always lead to the suppression of the effective coupling and, thus, the decreasing of E N . However, in a spinning device, the backscattering-induced reflection can be significantly suppressed. Hence, as the result, an almost ideal COM entanglement can be achieved due to the enhanced effective COM coupling (see Ref. [47] for more details).
Finally, we remark that recent experiments show that COM system is an ideal platform in achieving entanglement at macroscopic level [37] [38] [39] [40] [41] . In order to verify the generated entanglement in these experiments, one needs to measure the corresponding correlation matrix V bp , which requires to ac-cess all the quadrature fluctuations in the optical and mechanical canonical variables. By applying homodyne or heterodyne detection of the cavity output field, the quadrature fluctuations of the optical mode can be measured straightforwardly [37] . The measurement of the mechanical quadratures involves a relatively complicated process-specifically, a weak probe laser is applied to the COM resonator at the red sideband frequency ω p = ω c − ω m , allowing for mapping the mechanical motion to the anti-Stokes sideband of the probe field at cavity resonance [37, 39] . Then, the mechanical quadratures can be obtained through a similar homodyne process on the probe output field. In our system, nonreciprocal features of COM entanglement, due to the rotation-dependent frequency shifts of the output lights, can be experimentally verified in the same procedure.
In summary, we have investigated the controllable generation of nonreciprocal photon-phonon entanglement in a spinning COM resonator. In particular, we find that in such a nonreciprocal device, COM entanglement can be more robust against backscattering losses in comparison with that in conventional non-spinning systems. This indicates a new feasible way to protect fragile quantum resources by utilizing the power of nonreciprocal control, which, to our knowledge, has never been revealed in previous literatures. In a broader view, our work establishes a new bridge between such two active fields of nonreciprocal physics and quantum-state engineering. Our method of achieving and manipulating nonreciprocal nonclassical effects can also be implemented in a wide range of physical systems, such as microwave or electronic circuits [50] [51] [52] , cavity atomic gases [53] , Floquet time crystals [54] , and optically-levitated nanomechanical [55, 56] or magnomechanical systems [57] .
We 
